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Abstract: We discuss possible vacuum structures of SU(n)×SU(n) gauge theories with
bifundamental matters at finite θ angles. In order to give a precise constraint, a mixed
’t Hooft anomaly is studied in detail by gauging the center Zn one-form symmetry of the
bifundamental gauge theory. We propose phase diagrams that are consistent with the con-
straints, and also give a heuristic explanation of the result based on the dual superconductor
scenario of confinement.
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1 Introduction
Dynamics of non-Abelian gauge theories depends not only on the gauge coupling constant
but also on the topological θ angle. Since its discovery, the dependence of vacua and
excitations on the parameter θ has been a key issue to understand the topological nature
of gauge theories [1–6]. The strongly interacting sector in the Standard Model of particle
physics is the SU(3) vector-like gauge theory, and thus all the interactions preserve the CP
invariance except for this topological term. It is widely believed that the θ angle of quantum
chromodynamics (QCD) is quite small because CP in the strong sector is well maintained
in our universe according to the experiment on neutron’s electric dipole moment [7].
For four-dimensional SU(n) Yang-Mills theory, the angle θ is periodic in 2pi, and thus
the requirement of CP invariance of theory raises two candidates: θ = 0 and θ = pi.
Understandings on the vacuum structure at θ = pi are of particular importance, and many
studies have been devoted to it using various techniques, including large-n limit, effective
models, and chiral perturbation [8–23]. In certain limits (for example large n), one can show
that SU(n) Yang-Mills theory possesses the first-order phase transition at θ = pi and breaks
CP spontaneously. This tells us that physics at θ = pi is dramatically different from that at
θ = 0, and it is not known what would happen in generic cases. Recently, in Ref. [24], a new
– 1 –
technique has been developed for SU(n) pure Yang-Mills theory and also for SU(n) Yang-
Mills theory with adjoint matter fields, which gives a rigorous constraint on the vacuum
structure at θ = pi by discussing an ’t Hooft anomaly matching. More interestingly, it
reveals under reasonable assumptions that the first-order phase transition at θ = pi survives
at finite temperatures at least until the deconfinement transition happens. The purpose of
this paper is to extend and apply their technique to study the θ = pi dynamics of other
gauge theories, especially SU(n) × SU(n) Yang-Mills theory with bifundamental matter
fields.
Bifundamental gauge theories have acquired an interesting position among a lot of
gauge theories. The number of color n provides a hidden expansion parameter of strongly
coupled gauge theories [25], and the limit n→∞ is governed by the planar diagrams. The
same limit has also an interesting possibility to relate non-supersymmetric gauge theories
and supersymmetric Yang-Mills theory [26–34]. Let us pick up an SU(n) × SU(n) gauge
theory with one bifundamental Dirac fermion for example. Although it is not supersym-
metric, it is a daughter theory of the orbifold equivalence to N = 1 supersymmetric SU(2n)
Yang-Mills theory at least diagrammatically. The condition of the nonperturbative orbifold
equivalence has also been discussed extensively, and one must know the vacuum structure
to judge the equivalence [35–43]. Although it is not yet known whether the nonperturbative
equivalence holds for bifundamental gauge theories, they exhibit rich dynamics [41–43] and
it is an important and interesting topic to study them in order to deepen our understandings
on nonperturbative gluon-dynamics. The supersymmetric bifundamental gauge theory is
also an interesting topic for the same purpose, and the string theory picture is very useful
there [44].
In this paper, we give a rigorous constraint on the vacuum structure of SU(n)×SU(n)
gauge theories with bifundamental matter fields at finite topological angles. Since the
theory has two SU(n) gauge groups, it has two topological angles θ1 and θ2. The theory
is CP invariant at (θ1, θ2) = (0, 0), (pi, 0), (0, pi) and (pi, pi), and we discuss the global
consistency of ’t Hooft anomalies to see whether the vacuum is continuously connected
without breaking CP at those points. We propose phase diagrams in the θ1-θ2 plane that
are consistent with the constraints, and give its heuristic interpretation based on the dual
superconductor model of confinement.
This paper is organized as follows: In Section 2, we review the basics for the SU(n)
Yang-Mills theory to make the paper self-contained. We also give a review on how the
rigorous constraint on the CP symmetry at θ = pi can be derived for it. In Section 3,
we discuss the bifundamental SU(n) × SU(n) gauge theory at finite topological angles,
and interpret our result based on the dual superconductor model of confinement. We give
conclusions in Section 4. We give a review on necessary computations of topological field
theories in Appendix A.
2 Review on su(n) Yang-Mills theory
In this section, we give a brief review on four-dimensional Yang-Mills theory with the gauge
Lie algebra su(n) in order to make the paper self-contained. Especially, we consider the
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case where the gauge group is SU(n) or PSU(n) = SU(n)/Zn. For more details of this
subject, see e.g. Refs. [45–48].
2.1 Electric and magnetic charges
We first discuss all the possible electric and magnetic charges especially for the gauge group
G = SU(n) and G = SU(n)/Zn. For slightly more general settings, let Ĝ = SU(n) be the
universal cover of the gauge group, and the gauge group is given by G = Ĝ/H with a center
subgroup H < Zn.
Let us consider the electric charge first. Classically, all the electric charges belong to rep-
resentations of the Lie algebra su(n), i.e., elements of the weight lattice. After quantization,
each electric charge can emit and absorb gluons that belong to the adjoint representations,
and thus only the number of boxes in Young tableau (mod n) are relevant to characterize
the electric charge for low-energy dynamics. We can then label the electric charge of (test)
particles by ze ∈ Zn for any su(n) gauge theories to discuss infrared properties. When the
gauge group is G = SU(n)/H, the particle must be invariant under H < Zn and only such
ze ∈ Zn are allowed. When G = SU(n), the allowed electric charges are ze = 0, 1, . . . , n−1.
For G = SU(n)/Zn, the only allowed electric charge is ze = 0. The electric charge of
dynamical particles must be some of these charges, too, but not all of them need to be
dynamical.
Magnetic charges are in the representation of the GNO dual gauge group G∨ [49].
Universal covers of the original and dual gauge groups Ĝ, Ĝ∨ have the same center group,
and thus electric and magnetic charges for candidates of test particles are labeled by
(ze, zm) ∈ Zn × Zn. (2.1)
For test particles being genuine point-like objects, the set of allowed charges must satisfy
Dirac quantization condition: For both (ze, zm) and (z′e, z′m) being test particles, they must
satisfy
1
n
(zez
′
m − z′ezm) = 0 mod 1. (2.2)
This is also called the mutual locality condition.
2.2 SU(n) Yang-Mills theory and its genuine line operators
The four-dimensional SU(n) pure Yang-Mills theory is described by,
S = − 1
2g2
∫
Tr(G ∧ ∗G) + iθ
8pi2
∫
Tr(G ∧G), (2.3)
where G is the field strength of the SU(n) gauge field a:
G = da+ a ∧ a. (2.4)
In our convention, a = iaiµT idxµ is locally an n × n anti-Hermitian matrix-valued one-
form, and Tr(T iT j) = 12δ
ij . The theory is invariant under the SU(n) gauge transformation
a 7→ g−1ag + g−1dg, and the physical observables must respect the gauge invariance. The
– 3 –
Wilson line in the fundamental representation along a closed line C is a gauge invariant
object,
W (C) = Tr
[
P exp
∮
C
a
]
. (2.5)
One can measure the electric charge ze = 1 of the Wilson line by introducing a topolog-
ical surface operator [48, 50]. In this sense, SU(n) Yang-Mills theory has a global center
symmetry that is called electric Zn one-form symmetry.
Since theory has a fundamental Wilson line in the spectrum of genuine line operators
as mentioned above, there is no magnetic line operators as a genuine line object. Indeed,
let (ze, zm) be a charge of the line operator, then the Dirac quantization condition with the
fundamental Wilson line with charge (1, 0) claims
zm = 0 mod n. (2.6)
This means that there is no magnetic or dyonic genuine line. The genuine line operators
with different electric charges are given by W (C)k with ze = k = 0, 1, . . . , n− 1.
2.3 SU(n)/Zn Yang-Mills theory
Let us next consider the SU(n)/Zn gauge theory, and the general argument on the electric
charge shows that the purely electric line operators must be invariant under Zn, such as
W (C)n. Since the Dirac quantization condition with allowed electric particles does not
give any constraints on zm, the genuine line with zm = 1 is possible. Let us assume that
we have a theory with a magnetic or dyonic line with charge (ze, zm) = (−p, 1) with some
p = 0, 1, . . . , n − 1. The Dirac quantization says that the charge (z′e, z′m) of other genuine
line operators must satisfy
z′e = −pz′m mod n. (2.7)
Therefore, the electric charge of line operators with zm = 1 is fixed to −p once the line with
(ze, zm) = (−p, 1) exists. p is a new parameter of SU(n)/Zn gauge theories, which is called
the discrete theta angle [45–48], and it specifies the spectrum of genuine line operators.
We can construct SU(n)/Zn Yang-Mills theory by coupling SU(n) Yang-Mills theory
(2.3) to the following Zn topological field theory [46],
STFT =
i
2pi
∫
F ∧ (dA+ nB) + inp
4pi
∫
B ∧B. (2.8)
This topological field theory is a low-energy effective description of the spontaneous (one-
form) gauge symmetry breaking U(1)→ Zn when the fields with charge n are condensed [51].
Here, A and B are one-form and two-form U(1) gauge fields, respectively, and F is a two-
form auxiliary field (see Appendix A for this topological field theory). We require that the
action is invariant under the one-form U(1) gauge transformation,
A 7→ A− nλ, B 7→ B + dλ, F 7→ F − pdλ, (2.9)
and then p must be an integer due to the gauge invariance1.
1In this paper, we implicitly assume that we consider field theories only on spin manifolds
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In order to couple SU(n) Yang-Mills theory to Zn topological field theory (2.8), we
first extend the gauge group from SU(n) to U(n) = (SU(n)× U(1))/Zn, and identify this
U(1) factor with that of the U(1) gauge field A in (2.8). Correspondingly, the SU(n) gauge
field a is replaced by the U(n) gauge field,
A = a+ 1
n
A1n, (2.10)
and the gauge field strength becomes
G = dA+A ∧A. (2.11)
Under the U(1) one-form gauge transformation, G is transformed as
G 7→ G − dλ1n. (2.12)
In order to obtain the SU(n)/Zn gauge theory instead of U(n) gauge theory, we postulate
the invariance under the U(1) one-form gauge transformation, and then the gauge invariant
combination is given by G + B1n (for notational simplicity, the identity matrix 1n will be
omitted below). As a result, the classical action for the SU(n)/Zn Yang-Mills theory is
given by
S = − 1
2g2
∫
Tr((G +B) ∧ ∗(G +B)) + iθ
8pi2
∫
Tr((G +B) ∧ (G +B))
+
i
2pi
∫
F ∧ (dA+ nB) + inp
4pi
∫
B ∧B. (2.13)
Locally, we obtain B = − 1ndA by integrating out F , and its substitution recovers the
original SU(n) Yang-Mills action but this operation is ill-defined globally. Spectrum of
local operators on topologically trivial manifolds is unchanged by this gauging procedure,
but there is a crucial difference on nontrivial topologies or with non-local operators as we
shall see below.
If one tries to define the Wilson line by (2.5), it is not gauge invariant under the
U(n) gauge transformation. We can define two kinds of gauge-invariant line operators with
(ze, zm) = (1, 0) and (0, 1) but they need a topological surface (∂Σ = C) in general in order
to maintain the U(n) 0-form and U(1) 1-form gauge invariance:
W (C,Σ) = Tr
[
P exp
∮
C
a
]
exp
[
1
n
∮
C
A+
∫
Σ
B
]
, (2.14)
H(C,Σ) = exp
[∫
Σ
(F + pB)
]
. (2.15)
We now claim that the action (2.13) indeed describes the Yang-Mills theory of gauge group
SU(n)/Zn with the discrete theta angle p. Indeed, let us consider H(C,Σ)W (C,Σ)−p that
has charge (ze, zm) = (−p, 1):
H(C,Σ)W (C,Σ)−p = exp
(∫
Σ
F
)(
Tr
[
P exp
∮
C
a
]
exp
[
1
n
∮
C
A
])−p
. (2.16)
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Superficially, it depends on the surface Σ, but the equation of motion of A claims that
1
2piiF ∈ H2(X,Z), and thus exp(
∫
Σ F ) does not depend on the choice of surfaces Σ satisfying
∂Σ = C. Therefore, the theory (2.13) have the dyonic genuine line operator with charge
(ze, zm) = (−p, 1), which is concretely given by H(C,Σ)W (C,Σ)−p.
Let us also explain why p is called the discrete theta angle. For this purpose, we
consider the shift θ 7→ θ + 2pi. The change of the action (2.13) under this shift is given by
∆S =
i
4pi
∫
Tr((G +B) ∧ (G +B)) = i
4pi
∫
Tr(G ∧ G)− in
4pi
∫
B ∧B. (2.17)
The first term is in 2piiZ on spin four-manifolds due to the index theorem, and thus the 2pi
shift of θ changes p to p − 1 (mod n). This is a consequence of the fact that the electric
charge of dyons is shifted by θ/2pi because of the θ angle, and often called the Witten
effect [52]. As a result, the periodicity of θ is extended to 2pin from 2pi. Since n different
choices of p for the SU(n)/Zn gauge theory is related by 2pi shifts of θ, p is called the
discrete theta angle, although this is not always true for other gauge groups [45].
2.4 Spontaneous CP breaking at θ = pi of SU(n) Yang-Mills theory
We also review how one can claim the spontaneous breaking of CP at θ = pi following the
procedure with use of an ’t Hooft anomaly, which was recently developed in Ref. [24]. We
assume that SU(n) Yang-Mills theory at θ = 0 is trivially gapped with unbroken CP , and
also that the first-order phase transition does not happen at any 0 < θ < pi. Let us couple
the theory to background Zn two-form gauge fields B as we have done in Sec. 2.3.
Even after this coupling, CP must be still unbroken by choosing appropriate p at θ = 0.
If CP is broken after gauging the Zn one-form symmetry, then this means that there is a
mixed ’t Hooft anomaly between the CP symmetry and Zn one-form symmetry. Since an
’t Hooft anomaly is renormalization group invariant [48, 53], there must be a certain degree
of freedom carrying the same anomaly and surviving in the infrared limit. The assumption
on the trivially gapped state claims that there is no such degree of freedom, and thus there
must be a way to couple to the Zn two-form gauge field B without breaking CP .
Note that the CP transformation flips the sign of the
∫
B ∧ B term, and effectively p
is mapped to −p under the CP transformation. Therefore, above discussion claims that we
can choose the discrete theta angle satisfying2
p = −p mod n (2.18)
in order not to break CP at θ = 0. Since this has a solution (e.g., p = 0 mod n is always
a solution), the assumption on the gap and unbroken CP at θ = 0 is consistent. Let us
discuss the fate of CP symmetry at θ = pi. In the SU(n) Yang-Mills theory, θ = pi is
CP -invariant because CP flips θ = pi to θ = −pi and one can shift θ to θ + 2pi. After
2The condition derived here is different from and weaker than that given in Ref. [24] since we only
consider theories on spin manifolds while they consider theories on non-spin manifolds as well as spin ones.
It does not affect the consequence about the fate of CP symmetry at θ = pi. Therefore, discussion given
here slightly extends the applicability of the result given in Ref. [24] to SU(n) Yang-Mills theories also with
adjoint fermions.
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considering the coupling to the Zn two-form gauge field B, this procedure changes p to
−p − 1 because CP flips p to −p and the 2pi shift of θ changes −p to −p − 1 due to the
Witten effect. In order not to break CP due to the coupling to B at θ = pi, we must choose
the discrete theta angle satisfying
p = −p− 1 mod n, (2.19)
but this is inconsistent with our choice at θ = 03. Therefore, CP is broken after coupling
SU(n) Yang-Mills theory at θ = pi to Zn background two-form gauge fields for any choice
of the discrete theta angle p preserving CP at θ = 0.
For consistency, there must be some low-energy degrees of freedom in the SU(n) Yang-
Mills theory at θ = pi that explains the CP breaking after coupling it to Zn two-form gauge
fields [24]. There are several possible candidates for this:
• The vacua are trivially gapped but degenerate. Each of them breaks CP sponta-
neously.
• The vacuum is gapped with unbroken CP symmetry but described by a nontrivial
topological field theory.
• The theory contains massless excitations.
If one further assumes or proves that the gap does not close at finite θ and the theory
does not show the topological phase transition, CP is broken spontaneously and there is a
first-order phase transition at θ = pi. This interesting discussion given in Ref. [24] does not
rely on any specific microscopic details, and thus the consequence is very general as long as
the theory has the Zn one-form symmetry (i.e., matters are in the adjoint representation)
and satisfies the assumption about the mass gap or topological excitations.
3 SU(n)× SU(n) bifundamental gauge theory
We consider a gauge theory with the gauge group SU(n)1 × SU(n)2 and bifundamental
matter fields. We use the convention that the gauge fields ai of SU(n)i are realized as
the traceless and anti-Hermitian n × n matrix-valued local one-form. Our argument in
the following is valid for any kinds of the bifundamental matter fields, but, as a specific
example, one can consider single bifundamental Dirac field Ψ: Ψ belongs to the fundamental
representation of SU(n)1 and to the anti-fundamental representation of SU(n)2, and it is
realized as an n × n matrix-valued four-component Dirac fields. The SU(n)1 × SU(n)2
3If n is even, p = −p−1 (mod n) does not have any integer solutions, and thus there is a mixed ’t Hooft
anomaly. This claims that all the states form pairs under CP . For odd n, the condition p = −p− 1 (mod
n) can be solved by putting p = (n − 1)/2, and thus there is no ’t Hooft anomaly. This means that there
exist quasi-vacua that keep CP invariance. However, p = (n−1)/2 is not the CP -invariant choice at θ = 0;
the vacuum is not such a CP -invariant state at θ = pi since we have assumed that there is no first-order
phase transition at 0 < θ < pi. We shall explain this point in more detail in Sec. 3.4.
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gauge transformation (u1, u2) acts on Ψ and ai as Ψ 7→ u1Ψu†2 and ai 7→ uiaiu†i + uidu†i .
The classical action of the theory is given by
S = − 1
2g21
∫
Tr(G1 ∧ ∗G1)− 1
2g22
∫
Tr(G2 ∧ ∗G2) +
∫
Tr Ψ( /D +m)Ψ
+
iθ1
8pi2
∫
Tr(G1 ∧G1) + iθ2
8pi2
∫
Tr(G2 ∧G2), (3.1)
where Gi is the field strength of the SU(n)i gauge group,
Gi = dai + ai ∧ ai, (3.2)
and
/DΨ = γµ(∂µΨ + a1µΨ−Ψa2µ). (3.3)
We assume that m > 0, and the matter part does not break CP explicitly. We denote the
electric and magnetic charge of the SU(n)1×SU(n)2 gauge group as (ze1, zm1)⊕ (ze2, zm2),
then the bifundamental Dirac field has the charge (1, 0) ⊕ (n − 1, 0) mod n. This theory
has fundamental Wilson lines
W1(C) = Tr
[
P exp
∮
C
a1
]
, W2(C) = Tr
[
P exp
∮
C
a2
]
, (3.4)
and they have charge (1, 0) ⊕ (0, 0) and (0, 0) ⊕ (1, 0), respectively. W1W−12 has the same
charge with the dynamical fermion of this theory.
Let us describe the (0-form) symmetries of this theory. U(1)V is the phase rotation of
the fermionic field
Ψ 7→ eiφΨ,Ψ 7→ e−iφΨ, (3.5)
and this does not act on gauge fields ai. If g21 = g22 and θ1 = θ2, there is the (Z2)I symmetry,
which interchanges two gauge fields
a1 ↔ −at2 (3.6)
and acts on fermions as Ψ 7→ Ψt. Except for these internal symmetries, there exist usual
charge conjugation C, parity P , and time reversal T symmetries. When the (Z2)I symmetry
and charge conjugation is combined, the gauge fields are transformed as a1 ↔ a2.
Recall that the SU(n) pure Yang-Mills theory has the electric Zn one-form symmetry,
and thus this theory has Zn×Zn one-form symmetry when the mass m of the Dirac fermion
is infinitely large. At finite m, the bifundamental Dirac fermion becomes dynamical, and
it breaks Zn × Zn one-form symmetry to the stabilizer subgroup of W1W−12 . The Zn × Zn
one-form symmetry is explicitly broken to the diagonal Zn one-form symmetry. Under this
electric one-form symmetry, W1 and W2 have the same charge.
We study the consistency on the dynamics at θ = pi using a mixed ’t Hooft anomaly
with this electric one-form symmetry, and constrain structures of the phase diagram. For
that purpose, we first discuss gauging of Zn one-form symmetry. For simplicity of discussion,
we assume that the vacua are always trivially gapped, and we will study how the first-order
phase transition happens as a function of θ1 and θ2.
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3.1 Coupling with the Zn two-form gauge fields
We couple the above SU(n)1 × SU(n)2 bifundamental gauge theory to Zn gauge fields in
order to obtain (SU(n)1×SU(n)2)/(Zn)diagonal gauge theory. First, we discuss the possible
charges of genuine line operators with dynamical matter fields. Bifundamental matters have
the charge (1, 0)⊕ (−1, 0), and thus, in order for the line with charge (ze1, zm1)⊕ (ze2, zm2)
to be a genuine line, the Dirac quantization condition requires
1
n
(zm1 − zm2) = 0 mod 1. (3.7)
This means that two magnetic charges modulo n for SU(n)1,2 gauge groups must be the
same. Let us consider the case where the theory have a genuine line operator with the
magnetic charge zm1 = zm2 = 1. The Dirac quantization further restricts the possible
purely electric genuine lines. To see it, let (ze1, 0)⊕ (ze2, 0) be a charge of the genuine line,
then we get
ze1 + ze2 = 0 mod n, (3.8)
from the Dirac quantization. As a result, the purely electric lines are given by (W1W−12 )
k
for k = 0, 1, . . . , n− 1.
We shall obtain such a theory by coupling the SU(n) × SU(n) bifundamental gauge
theory to a Zn topological field theory. We introduce the Zn two-form gauge field B, and
its classical action is given by the same action in (2.8):
STFT =
i
2pi
∫
F ∧ (dA+ nB) + inp
4pi
∫
B ∧B. (3.9)
Here, A and B are U(1) one-form and two-form gauge fields, and the equation of motion
for F requires nB = −dA, which makes B a Zn two-form gauge field. We consider theories
only on spin manifolds since we would like to include the case where bifundamental matters
are Dirac fermions, then the parameter p must be an integer mod n: The condition on
p being an integer comes from the requirement on the U(1) one-form gauge invariance of
(3.9). p is identified with p+ n since integration out of F yields
STFT = 2pii
p
n
(
1
2
∫
dA
2pi
∧ dA
2pi
)
, (3.10)
and difference of p by multiples of n gives the difference of STFT in 2piiZ. Hence, it does
not affect the result in quantum theories.
To couple SU(n) gauge fields a1, a2 to B, we first extend the gauge group SU(n)1 ×
SU(n)2 to
SU(n)1 × SU(n)2 × U(1)
Zn
, (3.11)
and replace the SU(n) gauge fields a1 and a2 by U(n) gauge fields
A1 = a1 + 1
n
A1n, A2 = a2 + 1
n
A1n. (3.12)
The U(1) gauge field A = Tr(A1) = Tr(A2) is the same with the one that appears in
(3.9), and this creates the coupling of theories that we want. This U(1) gauge field A does
– 9 –
not couple to bifundamental fields, and it can be easily checked by an explicit form of the
covariant derivative (3.3).
We construct the Wilson and ’t Hooft line operators, which need not be genuine but
must be gauge-invariant. After that, we study the spectrum of genuine line operators to
check whether we have obtained the (SU(n)1 × SU(n)2)/Zn gauge theory. The former
definitions of Wilson lines in (3.4) are no longer gauge-invariant after gauging the Zn one-
form symmetry. Let Σ be a two-dimensional surface with C = ∂Σ, and the gauge-invariant
Wilson loops are defined by
W1(C,Σ) = Tr
[
P exp
(∮
C
a1
)]
exp
(∮
C
1
n
A+
∫
Σ
B
)
, (3.13)
W2(C,Σ) = Tr
[
P exp
(∮
C
a2
)]
exp
(∮
C
1
n
A+
∫
Σ
B
)
. (3.14)
The magnetic one with charge (0, 1)⊕ (0, 1) is also defined by
H(C,Σ) = exp
(∫
Σ
(F + pB)
)
. (3.15)
Using Wilson lines, the genuine line operator of charge (1, 0)⊕ (−1, 0) is given by
W1(C,Σ)W2(C,Σ)
−1 = Tr
[
P exp
(∮
C
a1
)](
Tr
[
P exp
(∮
C
a2
)])−1
. (3.16)
We can also construct a dyonic genuine line object,
H(C,Σ)W1(C,Σ)
−p = exp
(∫
Σ
F
)(
Tr
[
P exp
∮
C
(
a1 +
1
n
A
)])−p
, (3.17)
which has the charge (−p, 1) ⊕ (0, 1). By multiplying (W1W−12 )k to it, we can generally
obtain the genuine line operator HW−p1 (W1W
−1
2 )
k with the charge (−p + k, 1) ⊕ (−k, 1)
mod n. The discrete theta angle p designates the sum of electric charge for the genuine
dyonic particles with the magnetic charges 1.
Since the topological θ angle is the central issue of our discussion, we compute how it
is changed after the gauging in an explicit manner. In oder to maintain the 1-form gauge
invariance, we should replace the gauge field strength G1 and G2 by G1 + B and G2 + B,
respectively, where Gi are the U(n) field strengths of Ai; Gi = dAi +Ai ∧ Ai. As a result,
the topological θ term becomes
Sθ =
∑
i=1,2
iθi
8pi2
∫
Tr [(Gi +B) ∧ (Gi +B)]
=
∑
i=1,2
iθi
8pi2
∫
{Tr(Gi ∧ Gi) + 2B ∧ Tr(Gi) + nB ∧B} . (3.18)
Using the equation of motion of F , Tr(Gi) = dA = −nB, we obtain
Sθ =
∑
i=1,2
iθi
8pi2
∫
{Tr(Gi ∧ Gi)− nB ∧B} . (3.19)
Using the consistency of the local counter term p with the CP symmetry, we will
discuss the possible phase structure of the SU(n)×SU(n) bifundamental gauge theories in
the following sections.
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3.2 Spontaneous CP breaking at (θ1, θ2) = (pi, 0) and (0, pi)
We first constrain the possible dynamics of bifundamental gauge theories at (θ1, θ2) =
(pi, 0) or (θ1, θ2) = (0, pi). We follow the same logic given in Ref. [24], and start with the
assumption that the vacuum at θ1 = θ2 = 0 is trivially gapped without breaking the CP
symmetry. Therefore, there must be a way to gauge other symmetries without breaking the
CP symmetry at θ=0 by using an ’t Hooft anomaly matching condition. Especially when
gauging the electric Zn symmetry, the local counter term inp4pi
∫
B ∧ B can be chosen to be
CP invariant from this argument, and such p must satisfy
2p = 0 mod n, (3.20)
since
∫
B ∧B flips its sign under the CP transformation.
We further assume that the vacua are always trivially gapped and that there is a way to
continuously connect (θ1, θ2) = (0, 0) and (θ1, θ2) = (pi, 0), (0, pi) without phase transitions.
We will show that there exists first-order phase transition associated with the spontaneous
CP breaking at (θ1, θ2) = (pi, 0) and at (θ1, θ2) = (0, pi) under this assumption.
Let us discuss the CP symmetry at θ1 = pi with θ2 = 0 after gauging the Zn one-form
symmetry. Since CP flips the orientation, p and θi change their signs and become −p and
−θi, respectively. In oder to consider the theory at θ1 = pi, we must consider not only the
change θ1 = pi 7→ θ′1 = −pi but also the shift θ′1 = −pi 7→ θ′1 + 2pi = pi to discuss its CP
invariance. Under these transformations, the topological θ term is changed by
∆Sθ =
2pii
8pi2
∫
Tr(G1 ∧ G1)− in
4pi
∫
B ∧B. (3.21)
The first term is in 2piiZ, and thus does not affect the path integral. The second term shifts
the value of p by −1. As a result, p is changed to p 7→ −p−1 under the CP transformation
at (θ1, θ2) = (pi, 0), and thus the condition for the CP invariance at (θ1, θ2) = (pi, 0) after
gauging is given by
p = −p− 1 mod n. (3.22)
For even n, there is no such integer p. Therefore, there is an ’t Hooft anomaly, and all the
quasi-vacua must form pairs under CP or become gapless to saturate the anomaly. For
odd n, p = (n − 1)/2 satisfies this condition, but it is inconsistent with the choice of p at
θ1 = θ2 = 0. Since we put an assumption that a vacuum at (θ1, θ2) = (pi, 0) is continuously
connected to the CP -invariant vacuum at θ1 = θ2 = 0, consistency condition requires the
existence of low-energy degrees of freedom to saturate this inconsistency, such as degenerate
vacua or massless excitations. Since we have also assumed that the mass gap does not close,
there exists the first-order phase transition at (θ1, θ2) = (pi, 0) in both cases associated with
the spontaneous CP breaking.
The same argument holds for (θ1, θ2) = (0, pi), and we can argue the spontaneous CP
breaking there.
3.3 Vacuum structure around θ1 = θ2 = pi
Let us next discuss the consistency condition for CP at θ1 = θ2 = pi. This case is somewhat
tricky, since there are two topologically distinct ways that connect (θ1, θ2) = (pi, pi) and
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Figure 1. Two different paths connecting (θ1, θ2) = (0, 0) and (θ1, θ2) = (pi, pi) ∼ (−pi, pi).
(θ1, θ2) = (0, 0) (See Fig. 1). Since both θ1 and θ2 are 2pi periodic for the gauge group
SU(n)× SU(n), θ1 = θ2 = pi and θ1 = −θ2 = −pi are equivalent. We will discuss whether
we encounter the first-order phase transition when changing θ1 and θ2 continuously from
(θ1, θ2) = (0, 0) to (θ1, θ2) = (pi, pi) or (−pi, pi).
Let us consider the case (θ1, θ2) = (pi, pi). After gauging the Zn symmetry, we must use
the 2pi periodicity of both θ1 and θ2 to discuss the CP symmetry, and under these shifts
the topological term (3.19) is changed by
∆Sθ =
2pii
8pi2
∑
i=1,2
∫
Tr(Gi ∧ Gi)− 2in
4pi
∫
B ∧B. (3.23)
On spin manifolds, the first term is in 2piiZ and does not affect the path integral. It thus
changes p to p− 2. One can understand this from the spectrum of genuine line operators.
Originally, spectrum of genuine line operators are given by (−p + k, 1) ⊕ (−k, 1) mod n
with k = 0, . . . , n − 1. Since they have the monopole charge 1, the 2pi shift of θ1,2 causes
the shift of charge (−p+ k + 1, 1)⊕ (−k + 1, 1) due to the Witten effect, and they become
(−p + 2 + k′, 1) ⊕ (−k′, 1) mod n with k′ = 0, . . . , n − 1 by putting k′ = k − 1. Notice
that the spectrum is not changed only when n = 2, and this will become important for our
result.
Let us consider whether there is a way to gauge the electric one-form symmetry without
breaking the CP invariance at θ1 = θ2 = pi. After gauging, we have a local counter term
inp
4pi
∫
B ∧ B, which flips the sign under CP . It can be described effectively by the map
p 7→ −p, and θ1,2 = pi 7→ −pi. To get the original topological angle, we perform the 2pi shift
of both θ1 and θ2 that changes −p 7→ −p−2. As a result, the CP invariance at θ1 = θ2 = pi
after gauging requires to choose p satisfying
p = −p− 2 mod n. (3.24)
This always has the integer solution, and thus there is an CP -invariant quasi-vacuum which
may or may not be the true vacuum. Let us next discuss the global consistency condition.
If θ1 = θ2 = 0 and θ1 = θ2 = pi can be continuously connected without breaking CP at
θ1 = θ2 = pi, then the integer solution p at θ1 = θ2 = pi must also be consistent with the
CP -invariant regularization at θ1 = θ2 = 0; this says that
2 = 0 mod n. (3.25)
The vacuum at θ1 = θ2 = 0 can be continuously changed to the CP -invariant vacuum at
θ1 = θ2 = pi without closing the mass gap only if this condition holds.
– 12 –
(a) CP is unbroken at (θ1, θ2) = (pi, pi) (b) CP is broken at (θ1, θ2) = (pi, pi)
Figure 2. Possible phase boundaries of SU(n)× SU(n) bifundamental gauge theories in the θ1-θ2
plane (n ≥ 3).
For n ≥ 3, the above global consistency relation cannot be true. One possibility is
that the vacua at θ1,2 = 0 and θ1,2 = pi are separated by first-order phase transitions.
Another possibility is that the vacuum at θ1,2 = pi breaks CP spontaneously to saturate
the inconsistency. For n = 2, we cannot impose any constraints on the state at θ1 = θ2 = pi
from our argument, and basically any possibilities are allowed4.
Next, let us consider what happens when connecting θ1 = θ2 = 0 and θ1 = −θ2 = −pi.
In this case, the CP transformation at (θ1, θ2) = (−pi, pi) is associated with the shift θ1 7→
θ1 − 2pi and θ2 7→ θ2 + 2pi. The change of the topological term under these shifts is given
by
∆Sθ =
i
4pi
∫
Tr(−G1 ∧ G1 + G2 ∧ G2) ∈ 2piiZ. (3.26)
Therefore it does not affect the path integral at all. In this case, the CP transformation
changes p 7→ −p mod n as in the case of θ1 = θ2 = 0. When connecting θ1 = θ2 = 0
and θ1 = −θ2 = −pi, the global consistency holds and thus the vacua can be continuously
connected without the phase transition and CP needs not be broken at θ1 = −θ2 = −pi.
By combining the result and respecting the 2pi periodicity of θ1,2, we obtain Fig. 2
as a possible phase boundary of the first-order phase transition in the θ1-θ2 plane when
n ≥ 3. Whether the phase boundary opens at (θ1, θ2) = (pi, pi) depends on details of the
dynamics such as matter contents. In Fig. 2a, we consider the possibility when the CP
symmetry is unbroken at θ1 = θ2 = pi. In this case, the first-order phase transition line
must separate θ1 = θ2 = 0 and θ1 = θ2 = pi, but θ1 = θ2 = 0 and θ1 = −θ2 = pi can be
4This might be because we consider theories defined only on spin manifolds. If we restrict our attention
to theories without fermions, then theories can be defined also on non-spin manifolds. We can repeat the
same argument for non-spin cases at least formally just by changing the identification of the discrete theta
angle from p ∼ p + n to p ∼ p + 2n. The necessary condition for unbroken CP given by (3.25) becomes
2 = 0 mod 2n, and then we would find that CP must be broken for all n ≥ 2. Since we are not familiar
with non-spin case, however, let us leave it as a speculative remark.
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smoothly connected. In Fig. 2b, the CP symmetry is spontaneously broken at θ1 = θ2 = pi,
and thus there is a first-order phase transition line around it. In this case, θ1 = θ2 = 0
and θ1 = −θ2 = pi would be separated by another first-order line because the vacuum at
θ1 = θ2 = 0 is continuously connected to the CP -invariant quasi-vacuum at θ1 = −θ2 = pi
but not to the true CP -broken vacuum according to the global consistency relation.
One may wonder whether the first-order phase transition line in Fig. 2 can terminate
so that one can smoothly change (θ1, θ2) from (0, 0) to (2pi, 0) without phase transitions. In
Fig. 2, this is impossible and we claim that it is a general result for n ≥ 3. By repeating the
same argument on the CP transformation after gauging the Zn symmetry, the condition
for the CP invariance at (θ1, θ2) = (2pi, 0) is given by p = −p−2 mod n. Of course this has
the solution, but it is inconsistent with the CP invariant choice at (θ1, θ2) = (0, 0) when
n ≥ 3. This means that if we could connect (θ1, θ2) = (0, 0) and (2pi, 0) without any phase
transition and without closing the mass gap, then CP must be spontaneously broken at
(θ1, θ2) = (2pi, 0) but this is the contradiction because (θ1, θ2) = (0, 0) and (2pi, 0) must
be equivalent for SU(n) × SU(n) gauge theories. If we further assume that the mass gap
does not close at generic (θ1, θ2), then (θ1, θ2) = (0, 0) and (2pi, 0) must be separated by
the first-order phase transition line when n ≥ 3. For n = 2, this is not the case.
3.4 Interpretation via the dual superconductor picture
The purpose of this section is to understand the result intuitively from the dual super-
conductor model of confinement [9, 54, 55]. Let us first consider the case m → ∞ and
bifundamental matters decouple. Then, we have two decoupled SU(n) Yang-Mills theories,
so let us start with the discussion for the SU(n) Yang-Mills theory.
3.4.1 SU(n) Yang-Mills theory
Following the dual superconductor model, we assume that confinement of SU(n) Yang-Mills
theory on R4 is caused by condensation of magnetic monopoles or dyons. Let us say that
their charges are given by (−k, 1) mod n with k = 0, 1, . . . , n − 1 at θ = 0. This assumes
that all the Wilson loops with nontrivial center elements obey the area law. There are n
candidates of condensed particles, and correspondingly there are n different quasi-vacua.
To be specific, let us assume that the magnetic monopole with charge (0, 1) condenses at
θ = 0 in the true vacuum. Now, we turn on the finite topological θ angle, and the Witten
effect shifts charges of dyons to (−k+ θ/2pi, 1). Since the charge of each dyon goes back to
its original value only after the shift of 2pin, each branch of quasi-vacua are 2pin periodic
in θ instead of 2pi periodic. However, the true vacuum must be 2pi periodic in terms of θ,
so there must be some jump among quasi-vacua between 0 < θ < 2pi.
Let us pay attention to the charge at θ = pi. Assuming that no phase transition occurs
for 0 < θ < pi, then the charge of condensed particles (magnetic monopole at θ = 0) becomes
(θ/2pi, 1) due to the Witten effect. It is not invariant under the CP transformation at θ = pi
although the theory is CP invariant. Under the CP transformation, the charge (1/2, 1)
is mapped to (−1/2, 1), and thus the quasi-vacua with charges (±1/2, 1) must have the
same energy because of the CP symmetry of the theory. Therefore, the first-order phase
transition occurs at θ = pi, and the true vacua jumps from the branch with the condensed
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(θ/2π,1)
(θ/2π-1,1)
(θ/2π-2,1)
2π 4π 6π θ
Energy
Figure 3. Schematic figure on the ground state energy E(θ) of the SU(n) Yang-Mills theory
based on the dual superconductor model for n = 3. There are n different branches labeled by the
condensed charge (θ/2pi − k, 1) of dyons (k = 0, 1, . . . , n− 1), and each branch is 2pin periodic.
charge (θ/2pi, 1) to the another branch with the condensed charge (−1+θ/2pi, 1) (see Fig. 3).
This is how the CP symmetry is spontaneously broken at θ = pi for pure SU(n) Yang-Mills
theory in the dual superconductor scenario.
To summarize the case for the SU(n) Yang-Mills theory, let us denote E0(θ) as the
energy of the quasi-vacuum with the condensed charge (θ/2pi, 1). CP symmetry tells us
that E0(θ) = E0(−θ), and n-ality shows that E0(θ+ 2pin) = E0(θ). There are n candidates
for the condensate, (−k+θ/2pi, 1) with k = 0, . . . , n−1, and the energy of the true vacuum
is
ESU(n)(θ) = min{E0(θ − 2pik) | k = 0, 1, . . . , n− 1}. (3.27)
If E0 is smooth, it is natural to have the bump for E(θ) at θ = pi, at which the branch
jumps from E0(θ) to E0(θ − 2pi) with the first-order phase transition (see Fig. 3). In the
large-n limit, it is well established that the Yang-Mills vacuum is described by the minimum
of n branches [8, 18].
Before going to the case of bifundamental gauge theories, let us deepen our understand-
ings on the meaning of the global consistency condition about ’t Hooft anomaly matching.
CP invariance at θ = pi requires that p = −p − 1 mod n, and it cannot be solved for
even n. In the dual superconductor picture, the condensed particles at θ = pi have charges
(±1/2, 1), . . . , (±(n−1)/2, 1) and they form n/2 CP -invariant pairs. Including quasi-vacua,
no states can be invariant under CP , and this is suggested by the ’t Hooft anomaly. Next, let
us consider the case of odd n, then ’t Hooft anomaly does not exist by setting p = (n−1)/2.
The condensed charges are given by (±1/2, 1), . . . , (±(n − 2)/2, 1) and (n/2, 1). Since the
quasi-vacuum with the condensed charge (n/2, 1) is invariant under CP (see Fig. 3), one
cannot argue the spontaneous CP breaking at θ = pi without putting another assumption.
The point is that the state with the charge (n/2, 1) at θ = pi is not continuously connected
to the vacuum with the charge (0, 1) at θ = 0, so the absence of the first-order phase tran-
sition at 0 < θ < pi can purge this state from our consideration on vacua. In the language
of the consistency condition, this is implied by the fact that there is no common integer p
for the CP invariance at θ = 0 and θ = pi.
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Energy
Figure 4. Energies of the quasi-vacua of the SU(n)× SU(n) gauge theory in the limit of m→∞
when θ = θ1 = θ2.
3.4.2 SU(n)× SU(n) bifundamental gauge theories
Let us now discuss SU(n) × SU(n) Yang-Mills theory. Considering the limit m → ∞ so
that bifundamental matters decouple, we just have two copies of the above argument.
We first connect θ1 = θ2 = 0 and θ1 = θ2 = pi. We select the path θ1 = θ2 for instance
and denote the common angle as θ := θ1 = θ2. We now have n2 candidates for the condensed
particles with the charge (−k+ θ/2pi, 1)⊕ (−`+ θ/2pi, 1) mod n with k, ` = 0, 1, . . . , n− 1,
and thus the ground-state energy is given by
ESU(n)×SU(n)(θ) = min{E0(θ − 2pik) + E0(θ − 2pi`) | k, ` = 0, . . . , n− 1}. (3.28)
By assumption that the monopole (0, 1) condenses for the SU(n) Yang-Mills theory at
θ = 0, the quasi-vacuum with (θ/2pi, 1) ⊕ (θ/2pi, 1) is selected when θ is close to zero. At
θ = pi, CP is broken and the ground state must be at least two-fold degenerate. In our
limit m→∞, there is four-fold degeneracy at θ = pi, and the condensed charges for those
four states are
(θ/2pi, 1)⊕ (θ/2pi, 1), (θ/2pi − 1, 1)⊕ (θ/2pi − 1, 1),
(θ/2pi − 1, 1)⊕ (θ/2pi, 1), (θ/2pi, 1)⊕ (θ/2pi − 1, 1). (3.29)
This is because the CP symmetry is extended to Z2 × Z2 from Z2 in the limit m → ∞
as a result of the decoupling between two SU(n) Yang-Mills theories. If we assume that
E0(θ) is smooth and monotonically increasing for 0 < θ < 2pi, there is the first-order phase
transition from the sate with condensed charge (θ/2pi, 1)⊕(θ/2pi, 1) to the another one with
(θ/2pi − 1, 1)⊕ (θ/2pi − 1, 1) at θ = pi (see Fig. 4).
Let us turn on finite m and make the bifundamental matters dynamical. Then, the CP
symmetry becomes Z2 and the accidental four-fold degeneracy at θ = pi must be resolved.
Let us first notice that states with the charge (θ/2pi, 1) ⊕ (θ/2pi, 1) and (θ/2pi − 1, 1) ⊕
(θ/2pi − 1, 1) cannot be mixed by dynamical bifundamental fields since the difference of
their charges is different from the bifundamental charge (1, 0)⊕(−1, 0). On the other hand,
the difference of two charges (θ/2pi, 1)⊕ (θ/2pi− 1, 1) and (θ/2pi− 1, 1)⊕ (θ/2pi, 1) is given
by (1, 0)⊕ (−1, 0), and this is nothing but the charge of dynamical matter fields Ψ. These
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(a) CP is unbroken at θ = pi
0 2π θ
Energy
(b) CP is broken at θ = pi
Figure 5. Two possibilities of the mixing of states due to dynamical bifundamental matter fields
when θ = θ1 = θ2 are around pi.
states can be mixed as a result of interacting bifundamental matters, which leads to the
non-degenerate quasi-vacuum with the mass gap.
If the energy of the mixed states of (θ1/2pi, 1) ⊕ (θ2/2pi − 1, 1) and (θ1/2pi − 1, 1) ⊕
(θ2/2pi, 1) is lowered by dynamical matter fields as in Fig. 5a, then the mixed state is
selected as the ground state around θ = pi. In this case, CP (and (Z2)I if exists) need
not be broken, but the first-order phase transition happens across the path connecting
θ = 0 and θ = pi. If the energy of the mixed states of (θ/2pi, 1) ⊕ (θ/2pi − 1, 1) and
(θ/2pi − 1, 1) ⊕ (θ/2pi, 1) is lifted as in Fig. 5b, then they drop out from the consideration
and there is the first order phase transition from the state with (θ/2pi, 1)⊕ (θ/2pi, 1) to the
one with (θ/2pi − 1, 1)⊕ (θ/2pi − 1, 1). In this case, CP is spontaneously broken at θ = pi.
We can also understand why no phase transition is required when connecting θ1 =
θ2 = 0 and θ1 = −θ2 = −pi. For instance, let us pick up a path with θ1 = −θ2, and denote
θ′ = −θ1 = θ2. By taking the limit m → ∞, we can again consider possible phases using
the dual superconductor picture. The four-fold degeneracy at θ′ = pi happens at m = ∞,
and the condensed charges for those four states are given by
(−θ′/2pi, 1)⊕ (θ′/2pi, 1), (−θ′/2pi + 1, 1)⊕ (θ′/2pi − 1, 1),
(−θ′/2pi + 1, 1)⊕ (−θ′/2pi, 1), (−θ′/2pi, 1)⊕ (θ′/2pi − 1, 1). (3.30)
Figure for the vacuum energy is almost the same with Fig. 4 just by replacing the label of
charges in a straightforward manner.
Let us turn on dynamical bifundamental fields by making m finite. In this case, the
states with charges (−θ′/2pi, 1) ⊕ (θ′/2pi, 1) and (−θ′/2pi + 1, 1) ⊕ (θ′/2pi − 1, 1) can be
mixed by dynamical matter fields, while the states with (−θ′/2pi + 1, 1) ⊕ (θ′/2pi, 1) and
(−θ′/2pi, 1) ⊕ (θ′/2pi − 1, 1) cannot be mixed. Depending on relative energies of those
states, we obtain Fig. 6 for quasi-vacua of bifundamental gauge theories as a function of
θ′ = −θ1 = θ2. By checking charges of condensed particles, we can notice that Figs. 5a
and 6a are connected, and CP is unbroken at θ1 = θ2 = pi. Similarly, Figs. 5b and 6b are
connected, and CP is spontaneously broken at θ1 = θ2 = pi. These explain two possible
phase boundaries shown in Figs. 2a and 2b, respectively.
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(a) CP is unbroken at θ′ = pi
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(b) CP is broken at θ′ = pi
Figure 6. Two possibilities of the mixing of states due to dynamical bifundamental matter fields
when θ′ = −θ1 = θ2 are around pi.
Let us briefly comment on the semiclassical result for this theory on R3 × S1 with the
double-trace deformation when g21 = g22 and θ1 = θ2 [56]. Normally the semiclassical com-
putation on the non-Abelian gauge theory breaks down due to the infrared renormalons,
and perturbative computations on the small circle compactification gives qualitatively dif-
ferent answers from the nonperturbative results of the theory on R4. By performing a twist
with appropriate matter contents and/or some deformations of the theory, the volume de-
pendence of the partition function can become mild so as to evade the phase transition on
the compactification radius most probably in the large-n limit [56–77]. According to the
computation with this idea for the SU(n) × SU(n) Yang-Mills theory with “one” bifun-
damental Dirac fermion, the interchange symmetry (Z2)I is unbroken and the first-order
phase transition happens at θ = pi associated with the spontaneous CP breaking [56]. In
the language of the dual superconductor model, this suggests that, when n is large with this
specific matter content, the states with (θ/2pi, 1)⊕(θ/2pi−1, 1) and (θ/2pi−1, 1)⊕(θ/2pi, 1)
are unfavored, and that the first order phase transition occurs at θ = pi by jumping from
the state with (θ/2pi, 1) ⊕ (θ/2pi, 1) to the another one with (θ/2pi − 1, 1) ⊕ (θ/2pi − 1, 1).
Let us also comment that this unbroken (Z2)I is the essential ingredient for the orbifold
equivalence of this theory, and the question whether it is broken or not on R4 is not yet
settled [40–43]. We cannot answer this question only from our analysis, but let us comment
that both phase diagrams shown in Fig. 2 are consistent with the unbroken (Z2)I symmetry
along the line θ1 = θ2 when g21 = g22.
We have so far explained how CP is spontaneously broken at θ = pi for bifundamental
theories, but our result suggests that it needs not happen if n = 2. We close this section
by observing why n = 2 can be special. Let us consider the case with θ = θ1 = θ2
for example, then above conclusion comes from the fact that the states with condensed
particles (θ/2pi, 1) ⊕ (θ/2pi, 1) and (θ/2pi − 1, 1) ⊕ (θ/2pi − 1, 1) mod n cannot be mixed.
This is because the difference of these charges of condensed particles is (1, 0)⊕ (1, 0) mod
n, while the charge of dynamical bifundamental matters is (1, 0) ⊕ (−1, 0) mod n. These
two are different for n ≥ 3, but they are the same at n = 2. Therefore, for n = 2, these two
states can also be mixed by dynamical bifundamental fields, and thus we need no first-order
phase transition lines that separate θ = 0 and θ = pi.
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4 Conclusion
We have studied the phase structure for SU(n) × SU(n) bifundamental gauge theories at
finite topological angles by applying consistency for mixed ’t Hooft anomalies of CP and
center symmetry. For the gauge group SU(n)× SU(n), there are two topological angles θ1
and θ2, and there are four CP invariant points, (θ1, θ2) = (0, 0), (pi, 0), (0, pi), and (pi, pi).
We discuss that there must be a first-order phase transition at (θ1, θ2) = (pi, 0) and (0, pi)
associated with spontaneous breaking of the CP symmetry, so there is a first-order phase
transition line through these points. The global consistency is discussed at (θ1, θ2) = (pi, pi)
but there are two different ways to connect (θ1, θ2) = (0, 0) and (θ1, θ2) = (pi, pi) because
the point is equivalent to (θ1, θ2) = (−pi, pi). We observe for n ≥ 3 that the vacua at
(θ1, θ2) = (0, 0) and (θ1, θ2) = (pi, pi) cannot be continuously connected without breaking
the CP symmetry at (θ1, θ2) = (pi, pi), but also that the vacua at (θ1, θ2) = (0, 0) and
(θ1, θ2) = (−pi, pi) can without breaking any symmetries. We propose phase diagrams in
the θ1-θ2 plane that are consistent with these constraints. To understand it better, we
give a heuristic interpretation of the result based on the dual superconductor model of
confinement and the role of dynamical bifundamental fields is clarified.
The SU(n)×SU(n) gauge theory with one bifundamental Dirac fermion is a daughter
theory of the orbifold equivalence with N = 1 supersymmetric SU(2n) Yang-Mills theory
in the planar limit at least diagrammatically, and its nonperturbative equivalence is still
in question. For the nonperturbative equivalence, the interchange symmetry (Z2)I must
be unbroken, and we need further investigation for the (non)equivalence. Our constraint
does not relate the center Zn symmetry with the (Z2)I symmetry, so we need more detailed
knowledge on dynamics. We point out that the phase diagrams proposed in this paper is
consistent with this (Z2)I symmetry when θ1 = θ2. In order to get microscopic details,
numerical simulation is an important subject to study the nonperturbative dynamics. It,
however, suffers from the sign problem at finite topological angles, so the technique to cure
the sign problem must be further developed, such as Lefschetz-thimbles [78–91], complex
Langevin method [92–99], etc., for this purpose. Careful treatment of the cancellation of
these signs is crucial to obtain the physics at θ = pi correctly, because the drastic difference
between θ = 0 and θ = pi originates from different interference of the microscopic dynamics
in various topological sectors [100].
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A Quick review on topological field theories
This section is a minimal reminder for computing the BF -type topological field theories,
which is necessary in the main text of this paper. The basic object is the action
S =
i
2pi
∫
Xd
BdA(i), (A.1)
where Xd is a closed, oriented, d-dimensional manifold, A(i) is a U(1) i-form gauge field,
and B is an R-valued (d− i− 1)-form field. The requirement of U(1) n-form gauge fields is
that
∫
S dA
(i) ∈ 2piiZ for any [S] ∈ H(i+1)(X,Z). In other words, dA(i)/2pii ∈ H(i+1)(X,Z).
To understand how the computation goes, let us compute∫
DA(i) exp
(
i
2pi
∫
X
BdA(i)
)
. (A.2)
Since dA(i)/2pii ∈ H i+1(X,Z), we can decompose dA(i) as
dA(i) = dφ(i) + 2pii
∑
k
nkδ(Jk), (A.3)
where φ(i) is a (globally-defined) i-form, nk are integers, Jk are generators ofHd−(i+1)(X,Z),
and δ(Jk) are their delta-functional forms, i.e. their Poincaré duals. Therefore,∫
DA(i) exp
(
i
2pi
∫
X
BdA(i)
)
=
∫
Dφ(i) exp
(
i
2pi
∫
X
Bdφ(i)
)∏
k
∑
nk∈Z
e
nk
∫
Jk B

= δ
(
B
2pii
∈ Hd−i−1(X,Z)
)
. (A.4)
The last formal expression with the delta function means that this functional integral does
not vanish only if B/2pii is an element of the integer-valued cohomology: The integration
over φ(i) requires that dB = 0, so B/2pii ∈ Hd−i−1(X,R). If ∫Jk B 6∈ 2piiZ, the summation
over n vanishes, and thus we get the result.
The relevant 4-dimensional topological field theory in this note is
S =
ip
4pin
∫
X
dA ∧ dA, (A.5)
where X is a closed, oriented 4-manifold, and A is a U(1) 1-form gauge field. For generic
4-manifold, S ∈ 2pii p2nZ. To see this, we can write this action as
S =
2piip
2n
∫
X
dA
2pi
∧ dA
2pi
=
2pip
2n
∑
k
nn
∫
Jk
dA
2pi
∈ 2piip
2n
Z. (A.6)
Especially when X is a spin manifold, we can use the index theorem to state that the Chern
character
∫
exp(dA2pi ) ∈ Z, and thus
S =
2piip
n
(
1
2
∫
X
dA
2pi
∧ dA
2pi
)
=
2piip
n
∫
X
edA/2pi ∈ 2piip
n
Z. (A.7)
– 20 –
Therefore, p must be identified with mod 2n if X is a non-spin manifold, but p must be
identified with mod n for spin manifolds. Let X be spin and p ∈ Z, then the theory has
the U(1) 1-form gauge symmetry under
A 7→ A− nλ, (A.8)
where λ is also a U(1) 1-form gauge field. Indeed, the change of the action under this
transformation is
∆S = 2piip
(
−
∫
dλ
2pi
∧ dA
2pi
+
n
2
∫
dλ
2pi
∧ dλ
2pi
)
. (A.9)
Each term inside the parenthesis gives an integer, and thus e∆S = 1 when p ∈ Z.
Using the auxiliary R-valued 2-form field F (magnetic field strength) and U(1) 2-form
gauge field B, we can dualize this theory as
S =
i
2pi
∫
F ∧ (dA+ nB) + inp
4pi
∫
B ∧B. (A.10)
Integrating out F , nB = −dA and we obtain the original action. If we integrate out A,
F/2pii ∈ H2(X,Z) and one can introduce a dual U(1) 1-form gauge field AD as F = dAD.
Substitution of the result, we get a different expression for the same topological field theory,
S =
in
2pi
∫
B ∧ dAD + inp
4pi
∫
B ∧B. (A.11)
The fact that F = dAD is an important notice for defining dyonic genuine line operators
since
∫
Σ F =
∫
∂ΣAD does no longer depend on the choice of the surface Σ up to an irrelevant
phase in 2piiZ.
References
[1] A. M. Polyakov, “Compact Gauge Fields and the Infrared Catastrophe,” Phys. Lett. B59
(1975) 82–84.
[2] A. A. Belavin, A. M. Polyakov, A. S. Schwartz, and Yu. S. Tyupkin, “Pseudoparticle
Solutions of the Yang-Mills Equations,” Phys. Lett. B59 (1975) 85–87.
[3] G. ’t Hooft, “Symmetry Breaking Through Bell-Jackiw Anomalies,” Phys. Rev. Lett. 37
(1976) 8–11.
[4] C. G. Callan, Jr., R. F. Dashen, and D. J. Gross, “The Structure of the Gauge Theory
Vacuum,” Phys. Lett. B63 (1976) 334–340.
[5] R. Jackiw and C. Rebbi, “Vacuum Periodicity in a Yang-Mills Quantum Theory,” Phys.
Rev. Lett. 37 (1976) 172–175.
[6] S. R. Coleman, “More About the Massive Schwinger Model,” Annals Phys. 101 (1976) 239.
[7] C. A. Baker et al., “An Improved experimental limit on the electric dipole moment of the
neutron,” Phys. Rev. Lett. 97 (2006) 131801, arXiv:hep-ex/0602020 [hep-ex].
[8] E. Witten, “Large N Chiral Dynamics,” Annals Phys. 128 (1980) 363.
[9] G. ’t Hooft, “Topology of the Gauge Condition and New Confinement Phases in Nonabelian
Gauge Theories,” Nucl. Phys. B190 (1981) 455–478.
– 21 –
[10] N. Ohta, “Vacuum Structure and Chiral Charge Quantization in the Large N Limit,” Prog.
Theor. Phys. 66 (1981) 1408. [Erratum: Prog. Theor. Phys.67,993(1982)].
[11] J. L. Cardy and E. Rabinovici, “Phase Structure of Z(p) Models in the Presence of a Theta
Parameter,” Nucl. Phys. B205 (1982) 1–16.
[12] J. L. Cardy, “Duality and the Theta Parameter in Abelian Lattice Models,” Nucl. Phys.
B205 (1982) 17–26.
[13] U. J. Wiese, “Numerical Simulation of Lattice θ Vacua: The 2-d U(1) Gauge Theory as a
Test Case,” Nucl. Phys. B318 (1989) 153–175.
[14] I. Affleck, “Nonlinear sigma model at Theta = pi: Euclidean lattice formulation and
solid-on-solid models,” Phys. Rev. Lett. 66 (1991) 2429–2432.
[15] M. Creutz, “Quark masses and chiral symmetry,” Phys. Rev. D52 (1995) 2951–2959,
arXiv:hep-th/9505112 [hep-th].
[16] M. Creutz, “Anomalies and chiral symmetry in QCD,” Annals Phys. 324 (2009) 1573–1584,
arXiv:0901.0150 [hep-ph].
[17] A. V. Smilga, “QCD at theta similar to pi,” Phys. Rev. D59 (1999) 114021,
arXiv:hep-ph/9805214 [hep-ph].
[18] E. Witten, “Theta dependence in the large N limit of four-dimensional gauge theories,”
Phys. Rev. Lett. 81 (1998) 2862–2865, arXiv:hep-th/9807109 [hep-th].
[19] I. E. Halperin and A. Zhitnitsky, “Anomalous effective Lagrangian and theta dependence in
QCD at finite N(c),” Phys. Rev. Lett. 81 (1998) 4071–4074, arXiv:hep-ph/9803301
[hep-ph].
[20] D. Boer and J. K. Boomsma, “Spontaneous CP-violation in the strong interaction at theta
= pi,” Phys. Rev. D78 (2008) 054027, arXiv:0806.1669 [hep-ph].
[21] S. Aoki and M. Creutz, “Pion Masses in Two-Flavor QCD with η Condensation,” Phys.
Rev. Lett. 112 no. 14, (2014) 141603, arXiv:1402.1837 [hep-lat].
[22] K. Mameda, “QCD θ-vacua from the chiral limit to the quenched limit,” Nucl. Phys. B889
(2014) 712–726, arXiv:1408.1189 [hep-ph].
[23] J. J. M. Verbaarschot and T. Wettig, “Dirac spectrum of one-flavor QCD at θ = 0 and
continuity of the chiral condensate,” Phys. Rev. D90 no. 11, (2014) 116004,
arXiv:1407.8393 [hep-th].
[24] D. Gaiotto, A. Kapustin, Z. Komargodski, and N. Seiberg, “Theta, Time Reversal, and
Temperature,” arXiv:1703.00501 [hep-th].
[25] G. ’t Hooft, “A Planar Diagram Theory for Strong Interactions,” Nucl. Phys. B72 (1974)
461.
[26] M. J. Strassler, “On methods for extracting exact nonperturbative results in
nonsupersymmetric gauge theories,” arXiv:hep-th/0104032 [hep-th].
[27] S. Kachru and E. Silverstein, “4-D conformal theories and strings on orbifolds,” Phys. Rev.
Lett. 80 (1998) 4855–4858, arXiv:hep-th/9802183 [hep-th].
[28] A. E. Lawrence, N. Nekrasov, and C. Vafa, “On conformal field theories in
four-dimensions,” Nucl. Phys. B533 (1998) 199–209, arXiv:hep-th/9803015 [hep-th].
– 22 –
[29] M. Bershadsky, Z. Kakushadze, and C. Vafa, “String expansion as large N expansion of
gauge theories,” Nucl. Phys. B523 (1998) 59–72, arXiv:hep-th/9803076 [hep-th].
[30] M. Bershadsky and A. Johansen, “Large N limit of orbifold field theories,” Nucl. Phys.
B536 (1998) 141–148, arXiv:hep-th/9803249 [hep-th].
[31] Z. Kakushadze, “Gauge theories from orientifolds and large N limit,” Nucl. Phys. B529
(1998) 157–179, arXiv:hep-th/9803214 [hep-th].
[32] Z. Kakushadze, “On large N gauge theories from orientifolds,” Phys. Rev. D58 (1998)
106003, arXiv:hep-th/9804184 [hep-th].
[33] M. Schmaltz, “Duality of nonsupersymmetric large N gauge theories,” Phys. Rev. D59
(1999) 105018, arXiv:hep-th/9805218 [hep-th].
[34] A. Armoni and B. Kol, “Nonsupersymmetric large N gauge theories from type 0 brane
configurations,” JHEP 07 (1999) 011, arXiv:hep-th/9906081 [hep-th].
[35] A. Armoni, M. Shifman, and G. Veneziano, “Exact results in non-supersymmetric large N
orientifold field theories,” Nucl. Phys. B667 (2003) 170–182, arXiv:hep-th/0302163
[hep-th].
[36] A. Armoni, M. Shifman, and G. Veneziano, “SUSY relics in one flavor QCD from a new
1/N expansion,” Phys. Rev. Lett. 91 (2003) 191601, arXiv:hep-th/0307097 [hep-th].
[37] A. Armoni, M. Shifman, and G. Veneziano, “QCD quark condensate from SUSY and the
orientifold large N expansion,” Phys. Lett. B579 (2004) 384–390, arXiv:hep-th/0309013
[hep-th].
[38] A. Armoni, M. Shifman, and G. Veneziano, “From superYang-Mills theory to QCD: Planar
equivalence and its implications,” in From fields to strings: Circumnavigating theoretical
physics. Ian Kogan memorial collection (3 volume set), M. Shifman, A. Vainshtein, and
J. Wheater, eds., pp. 353–444. 2004. arXiv:hep-th/0403071 [hep-th].
[39] A. Armoni, M. Shifman, and G. Veneziano, “Refining the proof of planar equivalence,”
Phys. Rev. D71 (2005) 045015, arXiv:hep-th/0412203 [hep-th].
[40] P. Kovtun, M. Unsal, and L. G. Yaffe, “Nonperturbative equivalences among large N(c)
gauge theories with adjoint and bifundamental matter fields,” JHEP 12 (2003) 034,
arXiv:hep-th/0311098 [hep-th].
[41] P. Kovtun, M. Unsal, and L. G. Yaffe, “Necessary and sufficient conditions for
non-perturbative equivalences of large N(c) orbifold gauge theories,” JHEP 07 (2005) 008,
arXiv:hep-th/0411177 [hep-th].
[42] P. Kovtun, M. Unsal, and L. G. Yaffe, “Can large N(c) equivalence between supersymmetric
Yang-Mills theory and its orbifold projections be valid?,” Phys. Rev. D72 (2005) 105006,
arXiv:hep-th/0505075 [hep-th].
[43] A. Armoni, A. Gorsky, and M. Shifman, “Spontaneous Z(2) symmetry breaking in the
orbifold daughter of N=1 super Yang-Mills theory, fractional domain walls and vacuum
structure,” Phys. Rev. D72 (2005) 105001, arXiv:hep-th/0505022 [hep-th].
[44] A. Amariti, D. Orlando, and S. Reffert, “Phases of N=2 Necklace Quivers,”
arXiv:1604.08222 [hep-th].
[45] O. Aharony, N. Seiberg, and Y. Tachikawa, “Reading between the lines of four-dimensional
gauge theories,” JHEP 08 (2013) 115, arXiv:1305.0318 [hep-th].
– 23 –
[46] A. Kapustin and N. Seiberg, “Coupling a QFT to a TQFT and Duality,” JHEP 04 (2014)
001, arXiv:1401.0740 [hep-th].
[47] Y. Tachikawa, “Magnetic discrete gauge field in the confining vacua and the
supersymmetric index,” JHEP 03 (2015) 035, arXiv:1412.2830 [hep-th].
[48] D. Gaiotto, A. Kapustin, N. Seiberg, and B. Willett, “Generalized Global Symmetries,”
JHEP 02 (2015) 172, arXiv:1412.5148 [hep-th].
[49] P. Goddard, J. Nuyts, and D. I. Olive, “Gauge Theories and Magnetic Charge,” Nucl. Phys.
B125 (1977) 1–28.
[50] S. Gukov and E. Witten, “Rigid Surface Operators,” Adv. Theor. Math. Phys. 14 no. 1,
(2010) 87–178, arXiv:0804.1561 [hep-th].
[51] T. Banks and N. Seiberg, “Symmetries and Strings in Field Theory and Gravity,” Phys.
Rev. D83 (2011) 084019, arXiv:1011.5120 [hep-th].
[52] E. Witten, “Dyons of Charge eθ/2pi,” Phys. Lett. B86 (1979) 283–287.
[53] G. ’t Hooft, “Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking,” in
Recent Developments in Gauge Theories. Proceedings, Nato Advanced Study Institute,
Cargese, France, August 26 - September 8, 1979, vol. 59, pp. 135–157. 1980.
[54] Y. Nambu, “Strings, Monopoles and Gauge Fields,” Phys. Rev. D10 (1974) 4262.
[55] S. Mandelstam, “Vortices and Quark Confinement in Nonabelian Gauge Theories,” in Phys.
Rep. 23 (1976) 245-249, In *Gervais, J.L. (Ed.), Jacob, M. (Ed.): Non-linear and
Collective Phenomena In Quantum Physics*, 12-16, vol. 23, pp. 245–249. 1976.
[56] M. Shifman and M. Unsal, “QCD-like Theories on R(3) x S(1): A Smooth Journey from
Small to Large r(S(1)) with Double-Trace Deformations,” Phys. Rev. D78 (2008) 065004,
arXiv:0802.1232 [hep-th].
[57] M. Unsal, “Abelian duality, confinement, and chiral symmetry breaking in QCD(adj),”
Phys. Rev. Lett. 100 (2008) 032005, arXiv:0708.1772 [hep-th].
[58] P. Kovtun, M. Unsal, and L. G. Yaffe, “Volume independence in large N(c) QCD-like gauge
theories,” JHEP 06 (2007) 019, arXiv:hep-th/0702021 [HEP-TH].
[59] M. Unsal, “Magnetic bion condensation: A New mechanism of confinement and mass gap in
four dimensions,” Phys. Rev. D80 (2009) 065001, arXiv:0709.3269 [hep-th].
[60] M. Unsal and L. G. Yaffe, “Center-stabilized Yang-Mills theory: Confinement and large N
volume independence,” Phys. Rev. D78 (2008) 065035, arXiv:0803.0344 [hep-th].
[61] M. Shifman and M. Unsal, “Multiflavor QCD* on R(3) x S(1): Studying Transition From
Abelian to Non-Abelian Confinement,” Phys. Lett. B681 (2009) 491–494,
arXiv:0901.3743 [hep-th].
[62] P. C. Argyres and M. Unsal, “The semi-classical expansion and resurgence in gauge
theories: new perturbative, instanton, bion, and renormalon effects,” JHEP 08 (2012) 063,
arXiv:1206.1890 [hep-th].
[63] P. Argyres and M. Unsal, “A semiclassical realization of infrared renormalons,” Phys. Rev.
Lett. 109 (2012) 121601, arXiv:1204.1661 [hep-th].
[64] G. V. Dunne and M. Unsal, “Resurgence and Trans-series in Quantum Field Theory: The
CP(N-1) Model,” JHEP 11 (2012) 170, arXiv:1210.2423 [hep-th].
– 24 –
[65] G. V. Dunne and M. Unsal, “Continuity and Resurgence: towards a continuum definition of
the CP(N-1) model,” Phys. Rev. D87 (2013) 025015, arXiv:1210.3646 [hep-th].
[66] E. Poppitz, T. Schafer, and M. Unsal, “Continuity, Deconfinement, and (Super) Yang-Mills
Theory,” JHEP 10 (2012) 115, arXiv:1205.0290 [hep-th].
[67] M. M. Anber, S. Collier, E. Poppitz, S. Strimas-Mackey, and B. Teeple, “Deconfinement in
N = 1 super Yang-Mills theory on R3 × S1 via dual-Coulomb gas and "affine" XY-model,”
JHEP 11 (2013) 142, arXiv:1310.3522 [hep-th].
[68] A. Cherman, D. Dorigoni, G. V. Dunne, and M. Unsal, “Resurgence in Quantum Field
Theory: Nonperturbative Effects in the Principal Chiral Model,” Phys. Rev. Lett. 112
(2014) 021601, arXiv:1308.0127 [hep-th].
[69] A. Cherman, D. Dorigoni, and M. Unsal, “Decoding perturbation theory using resurgence:
Stokes phenomena, new saddle points and Lefschetz thimbles,” JHEP 10 (2015) 056,
arXiv:1403.1277 [hep-th].
[70] T. Misumi, M. Nitta, and N. Sakai, “Classifying bions in Grassmann sigma models and
non-Abelian gauge theories by D-branes,” PTEP 2015 (2015) 033B02, arXiv:1409.3444
[hep-th].
[71] T. Misumi, M. Nitta, and N. Sakai, “Neutral bions in the CPN−1 model,” JHEP 06 (2014)
164, arXiv:1404.7225 [hep-th].
[72] G. V. Dunne and M. Unsal, “New Nonperturbative Methods in Quantum Field Theory:
From Large-N Orbifold Equivalence to Bions and Resurgence,” Ann. Rev. Nucl. Part. Sci.
66 (2016) 245–272, arXiv:1601.03414 [hep-th].
[73] A. Cherman, T. Schafer, and M. Unsal, “Chiral Lagrangian from Duality and Monopole
Operators in Compactified QCD,” Phys. Rev. Lett. 117 no. 8, (2016) 081601,
arXiv:1604.06108 [hep-th].
[74] T. Fujimori, S. Kamata, T. Misumi, M. Nitta, and N. Sakai, “Nonperturbative
contributions from complexified solutions in CPN−1models,” Phys. Rev. D94 no. 10, (2016)
105002, arXiv:1607.04205 [hep-th].
[75] C. Kozcaz, T. Sulejmanpasic, Y. Tanizaki, and M. Unsal, “Cheshire Cat resurgence,
Self-resurgence and Quasi-Exact Solvable Systems,” arXiv:1609.06198 [hep-th].
[76] T. Sulejmanpasic, “Global Symmetries, Volume Independence, and Continuity in Quantum
Field Theories,” Phys. Rev. Lett. 118 no. 1, (2017) 011601, arXiv:1610.04009 [hep-th].
[77] M. Yamazaki and K. Yonekura, “From 4d Yang-Mills to 2d CPN−1 model: IR problem and
confinement at weak coupling,” arXiv:1704.05852 [hep-th].
[78] AuroraScience Collaboration, M. Cristoforetti, F. Di Renzo, and L. Scorzato, “New
approach to the sign problem in quantum field theories: High density QCD on a Lefschetz
thimble,” Phys. Rev. D 86 (2012) 074506, arXiv:1205.3996 [hep-lat].
[79] M. Cristoforetti, F. Di Renzo, A. Mukherjee, and L. Scorzato, “Monte Carlo simulations on
the Lefschetz thimble: taming the sign problem,” Phys. Rev. D 88 (2013) 051501,
arXiv:1303.7204 [hep-lat].
[80] H. Fujii, D. Honda, M. Kato, Y. Kikukawa, S. Komatsu, and T. Sano, “Hybrid Monte Carlo
on Lefschetz thimbles - A study of the residual sign problem,” JHEP 1310 (2013) 147,
arXiv:1309.4371 [hep-lat].
– 25 –
[81] Y. Tanizaki and T. Koike, “Real-time Feynman path integral with Picard–Lefschetz theory
and its applications to quantum tunneling,” Ann. Phys. 351 (2014) 250, arXiv:1406.2386
[math-ph].
[82] Y. Tanizaki, “Lefschetz-thimble techniques for path integral of zero-dimensional O(n) sigma
models,” Phys. Rev. D 91 (2015) 036002, arXiv:1412.1891 [hep-th].
[83] T. Kanazawa and Y. Tanizaki, “Structure of Lefschetz thimbles in simple fermionic
systems,” JHEP 1503 (2015) 044, arXiv:1412.2802 [hep-th].
[84] Y. Tanizaki, H. Nishimura, and K. Kashiwa, “Evading the sign problem in the mean-field
approximation through Lefschetz-thimble path integral,” Phys. Rev. D 91 (2015) 101701,
arXiv:1504.02979 [hep-th].
[85] F. Di Renzo and G. Eruzzi, “Thimble regularization at work: from toy models to chiral
random matrix theories,” Phys. Rev. D 92 (2015) 085030, arXiv:1507.03858 [hep-lat].
[86] K. Fukushima and Y. Tanizaki, “Hamilton dynamics for the Lefschetz thimble integration
akin to the complex Langevin method,” Prog. Theor. Exp. Phys. 2015 (2015) 111A01,
arXiv:1507.07351 [hep-th].
[87] Y. Tanizaki, Y. Hidaka, and T. Hayata, “Lefschetz-thimble analysis of the sign problem in
one-site fermion model,” New J. Phys. 18 (2016) 033002, arXiv:1509.07146 [hep-th].
[88] H. Fujii, S. Kamata, and Y. Kikukawa, “Lefschetz thimble structure in one-dimensional
lattice Thirring model at finite density,” JHEP 11 (2015) 078, arXiv:1509.08176
[hep-lat]. [Erratum: JHEP02,036(2016)].
[89] A. Alexandru, G. Basar, P. F. Bedaque, G. W. Ridgway, and N. C. Warrington, “Sign
problem and Monte Carlo calculations beyond Lefschetz thimbles,” JHEP 05 (2016) 053,
arXiv:1512.08764 [hep-lat].
[90] A. Alexandru, G. Basar, P. F. Bedaque, S. Vartak, and N. C. Warrington, “Monte Carlo
Study of Real Time Dynamics on the Lattice,” Phys. Rev. Lett. 117 (2016) 081602,
arXiv:1605.08040 [hep-lat].
[91] Y. Tanizaki and M. Tachibana, “Multi-flavor massless QED2 at finite densities via Lefschetz
thimbles,” JHEP 02 (2017) 081, arXiv:1612.06529 [hep-th].
[92] G. Aarts, E. Seiler, and I.-O. Stamatescu, “The Complex Langevin method: When can it be
trusted?,” Phys. Rev. D 81 (2010) 054508, arXiv:0912.3360 [hep-lat].
[93] G. Aarts, F. A. James, E. Seiler, and I.-O. Stamatescu, “Complex Langevin: Etiology and
Diagnostics of its Main Problem,” Eur. Phys. J. C 71 (2011) 1756, arXiv:1101.3270
[hep-lat].
[94] G. Aarts, L. Bongiovanni, E. Seiler, and D. Sexty, “Some remarks on Lefschetz thimbles
and complex Langevin dynamics,” JHEP 1410 (2014) 159, arXiv:1407.2090 [hep-lat].
[95] J. Nishimura and S. Shimasaki, “New insights into the problem with a singular drift term in
the complex Langevin method,” Phys. Rev. D 92 (2015) 011501, arXiv:1504.08359
[hep-lat].
[96] S. Tsutsui and T. M. Doi, “An improvement in complex Langevin dynamics from a view
point of Lefschetz thimbles,” Phys. Rev. D94 (2016) 074009, arXiv:1508.04231
[hep-lat].
– 26 –
[97] T. Hayata, Y. Hidaka, and Y. Tanizaki, “Complex saddle points and the sign problem in
complex Langevin simulation,” Nucl. Phys. B911 (2016) 94–105, arXiv:1511.02437
[hep-lat].
[98] K. Nagata, J. Nishimura, and S. Shimasaki, “Argument for justification of the complex
Langevin method and the condition for correct convergence,” Phys. Rev. D94 no. 11,
(2016) 114515, arXiv:1606.07627 [hep-lat].
[99] L. L. Salcedo, “Does the complex Langevin method give unbiased results?,” Phys. Rev. D94
no. 11, (2016) 114505, arXiv:1611.06390 [hep-lat].
[100] M. Unsal, “Theta dependence, sign problems and topological interference,” Phys. Rev. D 86
(2012) 105012, arXiv:1201.6426 [hep-th].
– 27 –
